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Abstract— This paper presents a genetic programming algorithm with multiple trees 

representation to find the analytical solutions for system of nonlinear boundary value 

problems. An individual in multi-tree genetic programming comprises multiple trees, and each 

tree has two numbers, M that indicates the maximum depth of tree and P that indicates the 

number of differential equations in the system. Numerical results presented in this work 

illustrate the applicability and effective of the multi-tree genetic programming as an 

optimization method has been applied as an alternative to traditional methods. 
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I. INTRODUCTION 

Systems of nonlinear differential equations arise in many 

applications, engineering, hydrodynamic, physiology, real 

life and others. Recently become solving these problems 

using traditional methods are sometimes difficult. Therefore, 
many researchers aimed to solve it based on the 

metaheuristic optimization methods. Metaheuristics become 

very popular and applied to solve many problems due to 

their advantages and applicable. Among of metaheuristic 

algorithms are genetic programming GP, artificial bee 

colony ABC, particle swarm optimization PSO etc. This 

paper focuses on the powerful of genetic programming 

algorithm as one of the most important evolutionary 

algorithms to obtain the analytical solutions for system of 

nonlinear ordinary differential equations. 

 According to some previous works, M.E. Wahed et.al 

proposed a hybrid method for the solutions of system of 
ordinary differential equations with genetic programming 

based on grammatical evolution and local optimization 

procedure [1]. I. G. Tsoulos described a novel genetic 

algorithm for the problem of constrained optimization, this 

proposed algorithm incorporates modified genetic operators 

that preserve the feasibility of the  

trial [2, 3]. W. Labao et.al investigated the potential of 

evolutionary algorithms, developed using a combination of 

genetic programming and automatic differentiation, to 

obtain symbolic solutions to stochastic differential equations 

[4].S. J. Kirstukas et.al presented a novel addition to the 
current genetic programming techniques for solving 

differential equations. Rather than using numerical 

approximation of derivatives during fitness evaluation, 

automatically computed analytical derivatives of the 

candidate solutions are employed [5]. T. Seaton et.al 

obtained the analytic solutions to differential equations with 

Graph-Based genetic programming [6]. 

In [7] the authors have been interested in the 

metaheuristic algorithms, where the authors suggested 

hybridization of genetic programming with homotopy 

perturbation method (HPM) for solving nonlinear heat 

transfer equations, in addition the authors expanding the 

application of genetic algorithm for solving singular 

boundary-initial value problems arising in physiology 

applications [8] and proposed a modified genetic 

programming approach for solving boundary value problems 

represented by nonlinear partial differential equations arising 

in hydrodynamic applications [9]. 

 The rest of this article is organized as follows: Section 2 
describes the outlines of standard genetic programming,  

Section 3 illustrates the proposed multi-tree GP. Section 4 

presents the methodology for solving the nonlinear system 

of boundary value problems. Section 5 shows the numerical 

examples and results.  Finally, the Section 6 draws the 

conclusions and future work. 

II. GENETIC PROGRAMMING  

A genetic programming GP algorithm works on a 

population of individuals, each individual represents a possible 

solution to a problem [10]. A flowchart of a standard GP 

algorithm is shown in Fig. 1. In order to solve a problem using 

genetic programming Dr. J. Koza (1992) states that it is 
necessary to specify the following components [10]: 
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Figure 1 Flowchart of standard genetic programming 

 The terminal set: variables and constants. 

 The function set: A set of domain specific functions 

used in conjunction with the terminal set to construct 

potential solutions to a given problem.  

 The fitness function: Fitness is a numeric value 

assigned to each individual of a population to provide a 

measure of the appropriateness of a solution to the 

problem. 

 The control parameters: This includes the population 

size and the crossover and mutation probabilities. 

 The termination criterion: This is a predefined number 

of generations or an error tolerance on the fitness. 

The first 3 components determine the algorithm search 

space, while the final 2 components affect the speed and 

quality of search. Different representations of the solution 

result in different families of GP, Linear GP manipulates on 

solutions in the form of sequence of instructions, whereas tree-

based GP manipulates on tree structure programs. In the 

standard tree-based GP presented [11, 12], Fig. 2 shows how 

the mathematical expression (    ) may be represented as a 

syntax tree: 

 

Function node Terminal node 

Figure 2 Standard Program Tree (    ) 

III. PROPOSED MULTI-TREE GENETIC PROGRAMMING 

The multi-tree genetic programming algorithm of initially 

setting the following: 

 The number of P that indicates the count of differential 

equations in the system. 

 The number of M to each tree is the following steps: 

BEGIN 

 For  i=1  to  P 

       ith tree → M=random. uniform (1, Max depth of 

tree) 

       Generate Tree (ith tree) 

 ENDFOR 

END 

The steps of the proposed multi-tree GP algorithm are listed in 

Algorithm 1. 

Algorithm 1. The main steps of the proposed multi-tree GP 

1. Set the following parameters: 

(a) The population size 

(b) The maximum number of generations 

(c) The crossover probability 

(d) The mutation probability 

(e) The max depth of tree 

(f) The number of differential equations  

2. Set generation=0 

3. Initialization the initial population randomly  

4. Evaluate the fitness of every individual using the 

fitness function 

5. Apply the genetic operations of crossover and 

mutation to the population. 

6. Select randomly two individuals from the population 

7. Set generation = generation +1 

8. If the termination criteria is reached terminate, else 
goto Step 4.  

Fig. 2 shows how the individual may be represented as a 

multi-tree representation, where the number of trees is P = 2 

 

 

 Identifier 

     

        Function node 

 

      Terminal 

node 

Figure 3 Multi-Tree program (                ) 
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Table. 1 shows the Multi-Tree GP parameters: 

Table I Multi-tree GP Parameters 

Objective Find a program that produces the analytical 
solutions for the system of nonlinear 
boundary value problems. 

Terminal Set   and constants chosen randomly in a 

specific range. 

Function Set +, -, x, % (protected division), ln, cos, cosh, 
sin, sinh, exp, √ , ^ .  

Selection Tournament Selection 

Initial Population Created using "Ramped half-and-half" with 
depth between 2 and 6. 

Termination Maximum number of generations 

 

IV. METHODOLOGY 

The proposed algorithm can solve systems of boundary 

value problems that expressed in the form: 

{
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With boundary conditions: 
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The steps for the calculation of the fitness evaluation for any 

individual are [2]: 

1. Choose   equidistant points in      . 

2. For every individual i in the population: 

a) Set the number of equations in the system P.  

b) Construct the P trial model               

c) Calculate the quantity: 
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d) Calculate the quantity: 
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e) Calculate the error of boundary conditions:  

 (   )  (   ( )     )  (   ( )     )   

           

f) Calculate the total value: 

    (  )  ∑( (   ))

 

   

 

g) Finally, the fitness of the individual I is given by: 

                                          

Where   is the number of discretization of the interval [a, b], 

ε1 is the mean square error of system, ε2 is the mean square 

error of boundary conditions,    is the fitness function 

represents the mean square error of the system (1), subject to 

the availability of the parameters, such that   → 0 , in case of 

both { ε1, ε2 } → 0 , then the approximate results closer to the 

exact solution [9].  

V. NUMERICAL EXAMPLES 

In this section, the proposed methodology is implemented 

on four problems arising in applied science and engineering 

[13]. 

Problem 1: 

Consider the following system of nonlinear boundary value 

problems [13]:  

{
  

( )( )     
  ( )     

 ( )    

  
( )( )      

( )( )     
 ( )     

         (3) 

Subject to the boundary conditions: 

  ( )       ( )            ( )    

  ( )      
 
( )          

 
( )    

  ( )      ( )    

To solve the problem 1 using multi-tree GP with the following 

parameters as shown in Table 2: 

Table II Multi-tree GP Parameters for Problem 1 

Objective Find the analytical solutions for the Problem 1. 

Function Set   integer numbers chosen randomly in the range 
[-4,+4] 

Terminal Set +, -, x, % (protected division), cos, cosh, sin, 
sinh, exp, √ , ^ .  

Control 

Parameters 

Max number of generations:1000 

Population Size: 50 

Max Depth of Tree M: 6 

Crossover Probability: 0.40 

Mutation Probability: 0.30 

Number of equations P:2 

N: 10 

Figure. 4 presents the multi-tree representation of the best 

individual,  

 

 

 

 

 

 

 

 

Figure 4 Representation of the best individual for Problem 1 

Where the best individual was identical to the exact solutions: 
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  ( )         and    ( )        

Figure 5. shows the progress of the best individual through 

generations, where in the 500th generation the best solution was 

reached and the fitness value of the best individual was equal to 

zero, so the best solution is the exact solution to the problem 1. 

 

Figure 5 Progress the best individual for Problem 1 

Problem 2: 

Consider the following system of nonlinear boundary value 

problems [14]:  

{
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Where          : 
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Subject to the boundary conditions: 

  ( )         ( )  
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To solve the problem 2 using multi-tree GP with the following 

parameters as illustrate in Table 3: 

Table III  Multi-tree GP Parameters for Problem 2 

Objective Find the analytical solutions for the Problem 

2. 

Function Set   integer numbers chosen randomly in the 

range [-2,+2] 

Terminal Set +, -, x, % (protected division), exp, ^ .  

Control 

Parameters 

Max number of generations:800 

Population Size: 100 

Max Depth of Tree M: 6 

Crossover Probability: 0.60 

Mutation Probability: 0.40 

Number of equations P:3 

N: 10 

Figure. 6 shows the multi-tree representation of the best 

individual,  

 

Figure 6 Representation of the best individual for Problem 2 

Where the best individual was identical to the exact solutions: 

  ( )    
 

 
 ,    ( )  

 

   
  and   ( )       

Figure 7 presents the progress of the best individual through 

generations, where in the 310th generation the best solution was 
reached and the fitness value of the best individual was equal to 

zero, so the best solution is the exact solution to the problem 2. 

 

Figure 7 Progress the best individual for Problem 2 

Problem 3: 

Consider the following system of nonlinear boundary value 

problems [13]:  

{
  

( )
( )    

  ( )    
  ( )  

  ( )                 

  
( )

( )       
  ( )    

( )
( )  ( )      

  (5) 

Where          : 

Subject to the boundary conditions: 

  ( )          ( )        ( )      

  ( )          ( )        ( )     

  ( )             ( )      ( ) 

To solve the problem 3 using multi-tree GP with the following 

parameters as shown in Table 4: 
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Table IV Multi-tree GP Parameters for Problem 3 

Objective Find the analytical solutions for the Problem 3. 

Function Set   integer numbers chosen randomly in the range 

[0,10] 

Terminal 

Set 

+, -, x, % (protected division), cos, sin,  exp, √ , 
^ .  

Control 

Parameters 

Max number of generations:800 

Population Size: 200 

Max Depth of Tree M: 6 

Crossover Probability: 0.25 

Mutation Probability: 0.75 

Number of equations P:2 

N: 10 

Figure. 8 illustrates the multi-tree representation of the best 

individual,  

 

Figure 8 Representation of the best individual for Problem 3 

Where the best individual was identical to the exact solutions: 

  ( )               ( )       

Figure 9. illustrates the progress of the best individual 

through generations, where in the 600th generation the best 

solution was reached and the fitness value of the best individual 

was equal to zero, so the best solution is the exact solution to 

the problem 3. 

 

Figure 9 Progress the best individual for Problem 3 

Problem 4: 

Consider the following system of nonlinear boundary value 

problems [13]:  

{

  
  ( )    ( )   ( )            

  
  ( )    

 ( )  ( )              

  
  ( )    

 ( )  
 ( )    ( )                   

 (6) 

Where          : 

Subject to the boundary conditions: 

  ( )          ( )      ( )     

  ( )            ( )       ( )    

To solve the problem 4 using multi-tree GP with the following 

parameters as shown in Table 5: 

Table V Multi-tree GP Parameters for Problem 4 

Objective Find the analytical solutions for the Problem 4. 

Function Set   integer numbers chosen randomly in the range 

[-10,+10] 

Terminal Set +, -, x, % (protected division), cos, sin,  exp, √ , 
^ .  

Control 

Parameters 

Max number of generations:800 

Population Size: 250 

Max Depth of Tree M: 6 

Crossover Probability: 0.75 

Mutation Probability: 0.50 

Number of equations P:3 

N: 10 

Figure. 10 shows the multi-tree representation of the best 

individual,  

 

Figure 10 Representation of the best individual for Problem 4 

Where the best individual was identical to the exact solutions: 

  ( )         ,    ( )         ,   ( )        

 

Figure 11 Progress the best individual for Problem 4 
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Figure 11. displays the progress of the best individual through 

generations, where in the 540th generation the best solution was 

reached and the fitness value of the best individual was equal to 
zero, so the best solution is the exact solution to the problem 4. 

VI. CONCLUSION AND FUTURE WORK 

In this study, a proposed multi-tree genetic programming 

has been successfully implemented for the analytical solutions 

of system represented by nonlinear boundary value problems 
arising in many applications. It can be concluded that the 

proposed algorithm possesses a great potential and viability for 

solving system of nonlinear boundary value problems (BVPs). 

The strength of proposed technique has been illustrated by 

solving four nonlinear problems. Moreover, the proposed 

methodology can provide the exact solution straightforward. 

The computations presented in this work are performed using 

the Visual Studio (Windows Form Application C#) software. 

In future, we intend to employ the proposed methodology 

to other such system of nonlinear partial differential equations, 

integro-differential equations and singular boundary-initial 
value problems arising in diverse field of applied science and 

engineering.  
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